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1. Anparticle P moves along the x-axis. At time #=0, P passes through the origin O, moving
in the positive x-direction. At time ¢ seconds, the velocity of P is v ms™' and OP=x
metres. The acceleration of P is -5 (30 —x) m s, measured in the positive x-direction.
(a) Give a reason why the maximum speed of P occurs when x = 30.
(1)
Given that the maximum speed of Pis 10 ms™,
(b) find an expression for v? in terms of x.
(6))
J
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2. Figure 1
A uniform solid right circular cone has base radius a and semi-vertical angle a, where
tana =% . The cone is freely suspended by a string attached at a point 4 on the rim of its
base, and hangs in equilibrium with its axis of symmetry making an angle of 0° with the
upward vertical, as shown in Figure 1.
Find, to one decimal place, the value of 6.
J
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3. Aparticle P of mass m is attached to one end of a light elastic string, of natural length a
and modulus of elasticity 3.6mg. The other end of the string is fixed at a point O on a
rough horizontal table. The particle is projected along the surface of the table from O with
speed V(2ag). At its furthest point from O, the particle is at the point 4, where 04 = 4a.

(a) Find, in terms of m, g and a, the elastic energy stored in the string when P is at 4.

©))

(b) Using the work-energy principle, or otherwise, find the coefficient of friction
between P and the table.

(6)

6 A 00RO A 0O
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4. Figure 2
A \(3ag)

A particle P of mass m is attached to one end of a light inextensible string of length a.
The other end of the string is attached to a point O. The point 4 is vertically below O,
and O4 =a. The particle is projected horizontally from 4 with speed \/(Sag). When OP
makes an angle 6 with the upward vertical through O and the string is still taut, the tension
in the string is 7 and the speed of P is v, as shown in Figure 2.
(a) Find, in terms of a, g and 6, an expression for V2,

(&)
(b) Show that T=(1-3 cosfO)mg.

(®))
The string becomes slack when P is at the point B.
(¢) Find, in terms of a, the vertical height of B above A.

(2
After the string becomes slack, the highest point reached by P is C.
(d) Find, in terms of a, the vertical height of C above B.

(6))

J
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5. Figure 3
I
I
One end of a light inextensible string is attached to a fixed point 4. The other end of the
string is attached to a fixed point B, vertically below 4, where AB=h. A small smooth
ring R of mass m is threaded on the string. The ring R moves in a horizontal circle with
centre B, as shown in Figure 3. The upper section of the string makes a constant angle 6
with the downward vertical and R moves with constant angular speed @. The ring is
modelled as a particle.
(a) Show that @’ =§( 1 +,SH$9 j
sin %)
28

(b) Deduce that o > >

2

. / 3

Given that o= Tg ,
(c) find, in terms of m and g, the tension in the string.

(C))

J

12 U 0 00O A0 O 0
N 2 3 8 2 2 A 01 2 2 4



January 2007

Question 5 continued

Leave )
blank

N 2 3 8 2 2 A 01 3 2 4

13

Turn over



January 2007

Leave\
blank
6. Figure 4
y A
R
0 1 2 X
The shaded region R is bounded by the curve with equation y =—, the x-axis and the
X

lines x=1 and x=2, as shown in Figure 4. The unit of length on each axis is 1 m. A
uniform solid S has the shape made by rotating R through 360° about the x-axis.
(a) Show that the centre of mass of S is 2 m from its larger plane face.

(6)

Figure 5
T

A sporting trophy 7'is a uniform solid hemisphere H joined to the solid S. The hemisphere
has radius 1 m and its plane face coincides with the larger plane face of S, as shown in
Figure 5. Both H and S are made of the same material.
(b) Find the distance of the centre of mass of 7" from its plane face.

(7)

J
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7. Aparticle P of mass 0.25 kg is attached to one end of a light elastic string. The string has
natural length 0.8 m and modulus of elasticity A N. The other end of the string is attached
to a fixed point 4. In its equilibrium position, P is 0.85 m vertically below A4.
(a) Show that A =39.2.
2
The particle i1s now displaced to a point B, 0.95 m vertically below 4, and released from
rest.
(b) Prove that, while the string remains stretched, P moves with simple harmonic motion
of period s
7 (6
(c) Calculate the speed of P at the instant when the string first becomes slack.
3
The particle first comes to instantaneous rest at the point C.
(d) Find, to 3 significant figures, the time taken for P to move from B to C.
(6))
J
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1. The rudder on a ship is modelled as a uniform plane lamina having the same shape as the
region R which is enclosed between the curve with equation y = 2x —x? and the x-axis.
(a) Show that the area of R is 4.
“)
(b) Find the coordinates of the centre of mass of the lamina.
)
J
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2. An open container C is modelled as a thin uniform hollow cylinder of radius 4 and
height /# with a base but no lid. The centre of the base is O.
(a) Show that the distance of the centre of mass of C from O is 4.
(6))
The container is filled with uniform liquid. Given that the mass of the container is M and
the mass of the liquid is M,
(b) find the distance of the centre of mass of the filled container from O.
(6))
J
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A spacecraft S of mass m moves in a straight line towards the centre of the earth. The earth
is modelled as a fixed sphere of radius R. When S is at a distance x from the centre of the
earth, the force exerted by the earth on S is directed towards the centre of the earth and has

magnitude iz, where k is a constant.
X

(a) Show that k= mgR®>.
2

Given that § starts from rest when its distance from the centre of the earth is 2R, and that
air resistance can be ignored,

(b) find the speed of § as it crashes into the surface of the earth.
(7

N 2 6 11 6 A0 6 2 4
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. A light inextensible string of length / has one end attached to a fixed point 4. The other
end is attached to a particle P of mass m. The particle moves with constant speed v in a
horizontal circle with the string taut. The centre of the circle is vertically below A4 and the
radius of the circle is 7.
Show that
2 2 2 2
gr-=v V(I -r).
®
J
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5. A particle P moves on the x-axis with simple harmonic motion about the origin O as
centre. When P is a distance 0.04 m from O, its speed is 0.2 ms™' and the magnitude of
its acceleration is 1 ms2,
(a) Find the period of the motion.
3
The amplitude of the motion is @ metres.
Find
(b) the value of a,
3)
(c) thetotal time, within one complete oscillation, for which the distance OP is greater than
1a metres.
)
J
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6. A particle P is free to move on the smooth inner surface of a fixed thin hollow sphere
of internal radius a and centre O. The particle passes through the lowest point of the
spherical surface with speed U. The particle loses contact with the surface when OP is
inclined at an angle a to the upward vertical.
(a) Show that U?=ag(2+3cos a).
Q)
The particle has speed W as it passes through the level of O. Given that cos o = %,
(b) show that W2 =ag/3.
)
J
14
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7. Figure 1
3/
A F ] B
2/
P
A light elastic string, of natural length 3/ and modulus of elasticity 4, has its ends attached to
two points 4 and B, where AB =3/ and 4B is horizontal. A particle P of mass m is attached
to the mid-point of the string. Given that P rests in equilibrium at a distance 2/ below
AB, as shown in Figure 1,
15
(a) show that 1 = —2&
)
The particle is pulled vertically downwards from its equilibrium position until the total
length of the elastic string is 7.8/. The particle is released from rest.
(b) Show that P comes to instantaneous rest on the line 4B.
(6)
J
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1. A light elastic string of natural length 0.4 m has one end A attached to a fixed point.
The other end of the string is attached to a particle P of mass 2 kg. When P hangs in
equilibrium vertically below A4, the length of the string is 0.56 m.

(a) Find the modulus of elasticity of the string.
3

A horizontal force is applied to P so that it is held in equilibrium with the string making
an angle 6 with the downward vertical. The length of the string is now 0.72 m.

(b) Find the angle 6.
3

N 2 6 3 6 3 A 0 2 2 4
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A particle P of mass 0.1 kg moves in a straight line on a smooth horizontal table. When P is

. . . . ) 16
a distance x metres from a fixed point O on the line, it experiences a force of magnitude — N

away from O in the direction OP. Initially P is at a point 2 m from O and is moving towards
O with speed 8 m s\

Find the distance of P from O when P first comes to rest.

@®)

N 2 6 3 6 3 A 0 4 2 4
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Figure 1

2h

A uniform solid S is formed by taking a uniform solid right circular cone, of base radius
2r and height 24, and removing the cone, with base radius  and height 4, which has the
same vertex as the original cone, as shown in Figure 1.

(a) Show that the distance of the centre of mass of S from its larger plane face is 1% A.

G

The solid S lies with its larger plane face on a rough table which is inclined at an angle 6°
to the horizontal. The table is sufficiently rough to prevent S from slipping.
Given that 4 = 2r,

(b) find the greatest value of @ for which S does not topple.
&)

N 2 6 3 6 3 A 0 6 2 4
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A particle P of mass m lies on a smooth plane inclined at an angle 30° to the horizontal.
The particle is attached to one end of a light elastic string, of natural length a and
modulus of elasticity 2mg. The other end of the string is attached to a fixed point O on
the plane. The particle P is in equilibrium at the point 4 on the plane and the extension
of the string is +a. The particle P is now projected from 4 down a line of greatest slope
of the plane with speed V. It comes to instantaneous rest after moving a distance 7 a.

By using the principle of conservation of energy,

(a) find V in terms of @ and g,
()

(b) find, in terms of @ and g, the speed of P when the string first becomes slack.

“4)

Leave )
blank
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5. A car of mass m moves in a circular path of radius 75 m round a bend in a road. The
maximum speed at which it can move without slipping sideways on the road is 21 ms™'.
Given that this section of the road is horizontal,

(a) show that the coefficient of friction between the car and the road is 0.6.

A3)

The car comes to another bend in the road. The car’s path now forms an arc of a horizontal
circle of radius 44 m. The road is banked at an angle a to the horizontal, where tan a = 5.
The coefficient of friction between the car and the road is again 0.6. The car moves at its
maximum speed without slipping sideways.

(b) Find, as a multiple of mg, the normal reaction between the car and road as the car
moves round this bend.

“4)

(c) Find the speed of the car as it goes round this bend.
(5)

N 2 6 3 6 3 A 01 2 2 4
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Figure 2

A particle P of mass m is attached to one end of a light inextensible string of length a.
The other end of the string is attached to a fixed point O. At time ¢t = 0, P is projected
vertically downwards with speed V(£ ga) from a point 4 which is at the same level as O
and a distance a from O. When the string has turned through an angle 6 and the string is
still taut, the speed of P is v and the tension in the string is 7, as shown in Figure 2.

(a) Show that v2 = &% (5+ 4sin6).
2 3)

(b) Find 7 in terms of m, g and 6.
3)

The string becomes slack when 6 = a.

(¢) Find the value of a.
3)

The particle is projected again from 4 with the same velocity as before. When P is at the
same level as O for the first time after leaving A4, the string meets a small smooth peg B
which has been fixed at a distance $a from O. The particle now moves on an arc of a
circle centre B. Given that the particle reaches the point C, which is 3 a vertically above
the point B, without the string going slack,

(d) find the tension in the string when P is at the point C.
(6)

Leave )
blank
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7. A particle P of mass 2 kg is attached to one end of a light elastic string, of natural length
1 m and modulus of elasticity 98 N. The other end of the string is attached to a fixed point
A. When P hangs freely below A4 in equilibrium, P is at the point £, 1.2 m below 4. The
particle is now pulled down to a point B which is 0.4 m vertically below E and released
from rest.

(a) Prove that, while the string is taut, P moves with simple harmonic motion about £ with

) 2
eriod —s.
P 7

6))
(b) Find the greatest magnitude of the acceleration of P while the string is taut.

(1)
(c) Find the speed of P when the string first becomes slack.

(©))

(d) Find, to 3 significant figures, the time taken, from release, for P to return to B for the
first time.

(7

N 2 6 3 6 3. A0 2 0 2 4
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Figure 1

A light elastic spring, of natural length L and modulus of elasticity A, has a particle P of
mass m attached to one end. The other end of the spring is fixed to a point O on the closed
end of a fixed smooth hollow tube of length L.

The tube is placed horizontally and P is held inside the tube with OP = %L , as shown

in Figure 1. The particle P is released and passes through the open end of the tube with
speed V(2gL).

(a) Show that A = 8mg.
C))

The tube is now fixed vertically and P is held inside the tube with OP = %L and P

above O. The particle P is released and passes through the open top of the tube with
speed u.

(b) Find u.
)]

N 2 9 5 01 A0 2 2 4
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2. A particle P moves with simple harmonic motion and comes to rest at two points 4 and B
which are 0.24 m apart on a horizontal line. The time for P to travel from 4 to Bis 1.5 s.
The midpoint of AB is O. Attime ¢ =0, P is moving through O, towards 4, with speed
ums'.
(a) Find the value of u.
C))
(b) Find the distance of P from B when ¢ = 2 s.
6))
(c) Find the speed of P when ¢ =2 s.
(2
J

N 2 9 5 01 A 0 4 2 4
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Figure 2

Figure 2 shows a particle B, of mass m, attached to one end of a light elastic string. The
other end of the string is attached to a fixed point 4, at a distance % vertically above a
smooth horizontal table. The particle moves on the table in a horizontal circle with centre
O, where O is vertically below 4. The string makes a constant angle ¢ with the downward
vertical and B moves with constant angular speed @ about OA4.

(a) Show that w? < %

®
The elastic string has natural length /# and modulus of elasticity 2 mg.
Given that tand = % ,
(b) find @ in terms of g and 4.

(6))

N 2 9 5 01 A0 8 2 4



June 2008

Question 3 continued

Leave A
blank

N 2 9 5 01 A 0 9 2 4

9

Turn over



June 2008

N 2 9 5 01 A 01 2 2 4

Leave\
blank
4.
Figure 3
A uniform solid hemisphere, of radius 6a and centre O, has a solid hemisphere of radius
2a, and centre O, removed to form a bowl B as shown in Figure 3.
(a) Show that the centre of mass of B is Ea from O.
0 2a
<+ 661 —_— >
\ : /
S 1 /
I
I
I
I
I
I
I
| 6a
I
I
L
-+
2a
Figure 4
The bowl B is fixed to a plane face of a uniform solid cylinder made from the same
material as B. The cylinder has radius 2a and height 6a and the combined solid S has an
axis of symmetry which passes through O, as shown in Figure 4.
(b) Show that the centre of mass of S is 201 a from O.
61 4
“4)
The plane surface of the cylindrical base of S is placed on a rough plane inclined at 12° to
the horizontal. The plane is sufficiently rough to prevent slipping.
(c) Determine whether or not S will topple.
“4)
12
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5. Anparticle P of mass m is attached to one end of a light inextensible string of length a. The
other end of the string is attached to a fixed point O. The particle is released from rest with
the string taut and OP horizontal.

(a) Find the tension in the string when OP makes an angle of 60° with the downward
vertical.

(6)

A particle QO of mass 3m is at rest at a distance a vertically below O. When P strikes Q the
particles join together and the combined particle of mass 4m starts to move in a vertical
circle with initial speed u.

(b) Show that u =~/ (%j
3

The combined particle comes to instantaneous rest at A.
(c) Find

(1) the angle that the string makes with the downward vertical when the combined
particle is at 4,

(i1) the tension in the string when the combined particle is at A4.

(6)

N 2 9 5 01 A 01 6 2 4
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6. A particle P of mass 0.5 kg moves along the positive x-axis. It moves away from the
origin O under the action of a single force directed away from O. When OP = x metres,
the magnitude of the force is ﬁ N and the speed of Pis vm s,
x+
Initially P is at rest at O.
(a) Show that v’ =6 [1— ! - j :
()C + 1) (6)
(b) Show that the speed of P never reaches V6 m s .
(1)
(c¢) Find x when P has been moving for 2 seconds.
(7
J
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1. A nparticle P of mass 3 kg is moving in a straight line. At time ¢ seconds, 0 < 7 < 4, the
15
only force acting on P is a resistance to motion of magnitude (9 +m) N. At
time # seconds the velocity of Pis vm s™'. Whenr=4, v =0.
Find the value of v when ¢ = 0.
(7
J

N 2 9 4 9 5 A 0 2 2 4



January 2009

Leave )
blank

Figure 1

A particle P of mass m is attached to one end of a light elastic string, of natural length a
and modulus of elasticity 3mg. The other end of the string is attached to a fixed point O.

The particle P is held in equilibrium by a horizontal force of magnitude $mg applied to P.
This force acts in the vertical plane containing the string, as shown in Figure 1. Find

(a) the tension in the string,

©))

(b) the elastic energy stored in the string.
“4)
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A rough disc rotates about its centre in a horizontal plane with constant angular speed
80 revolutions per minute. A particle P lies on the disc at a distance 8 cm from the centre
of the disc. The coefficient of friction between P and the disc is x# Given that P remains
at rest relative to the disc, find the least possible value of z.
(7
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. A small shellfish is attached to a wall in a harbour. The rise and fall of the water level is

Leave )
blank

modelled as simple harmonic motion and the shellfish as a particle. On a particular day
the minimum depth of water occurs at 10 00 hours and the next time that this minimum
depth occurs is at 22 30 hours. The shellfish is fixed in a position 5 m above the level of
the minimum depth of the water and 11 m below the level of the maximum depth of the
water. Find

(a) the speed, in metres per hour, at which the water level is rising when it reaches the
shellfish,

(7

(b) the earliest time after 10 00 hours on this day at which the water reaches the
shellfish.

“)
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30°

Figure 2

One end A4 of a light elastic string, of natural length a and modulus of elasticity 6mg,
is fixed at a point on a smooth plane inclined at 30° to the horizontal. A small ball B of
mass m is attached to the other end of the string. Initially B is held at rest with the string
lying along a line of greatest slope of the plane, with B below 4 and AB = a. The ball is
released and comes to instantaneous rest at a point C on the plane, as shown in Figure 2.
Find

(a) the length AC,
(6))

(b) the greatest speed attained by B as it moves from its initial position to C.

(7
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.
\S]
= v

Figure 3

The region R is bounded by part of the curve with equation y =4 —x? , the positive x-axis
and the positive y-axis, as shown in Figure 3. The unit of length on both axes is one metre.
A uniform solid S is formed by rotating R through 360° about the x-axis.

(a) Show that the centre of mass of S is gm from O.
(10)

A

«— /m —»
Figure 4

Figure 4 shows a cross section of a uniform solid P consisting of two components, a solid
cylinder C and the solid S. The cylinder C has radius 4 m and length / metres. One end
of C coincides with the plane circular face of S. The point 4 is on the circumference of
the circular face common to C and S. When the solid P is freely suspended from A4, the
solid P hangs with its axis of symmetry horizontal.

(b) Find the value of /.
C))
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V(ga)

N —

A

B P

Figure 5

A particle is projected from the highest point 4 on the outer surface of a fixed smooth
sphere of radius a and centre O. The lowest point B of the sphere is fixed to a horizontal

plane. The particle is projected horizontally from A4 with speed %\/ (ga). The particle

leaves the surface of the sphere at the point C, where £ AOC =@, and strikes the plane
at the point P, as shown in Figure 5.

(a) Show that cos 8 = = .
(7)

(b) Find the angle that the velocity of the particle makes with the horizontal as it
reaches P.

@®)
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1. A light elastic string has natural length 8 m and modulus of elasticity 80 N.
The ends of the string are attached to fixed points P and O which are on the same
horizontal level and 12m apart. A particle is attached to the mid-point of the string and
hangs in equilibrium at a point 4.5m below PQ.
(a) Calculate the weight of the particle.
()
(b) Calculate the elastic energy in the string when the particle is in this position.
(&)
J
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2. [The centre of mass of a uniform hollow cone of height h is %h above the base on the line
from the centre of the base to the vertex.]

9h
> ’ 1 2n
«—>
r
Figure 1

A marker for the route of a charity walk consists of a uniform hollow cone fixed on to a
uniform solid cylindrical ring, as shown in Figure 1. The hollow cone has base radius 7,
height 94 and mass m. The solid cylindrical ring has outer radius 7, height 24 and mass
3m. The marker stands with its base on a horizontal surface.

(a) Find, in terms of /4, the distance of the centre of mass of the marker from the horizontal
surface.

6))
.. 1 . .. .
When the marker stands on a plane inclined at arctan o to the horizontal it is on the point

of toppling over. The coefficient of friction between the marker and the plane is large
enough to be certain that the marker will not slip.

(b) Find % in terms of 7.
3)
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Question 2 continued

Q2

(Total 8 marks)
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Figure 2

A particle P of mass m moves on the smooth inner surface of a hemispherical bowl of
radius 7. The bowl is fixed with its rim horizontal as shown in Figure 2. The particle

3
moves with constant angular speed \/ (2_g] in a horizontal circle at depth d below the
r

centre of the bowl.

(a) Find, in terms of m and g, the magnitude of the normal reaction of the bowl on P.

“4)

(b) Find d in terms of 7.
C))
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4. The finite region bounded by the x-axis, the curve y = iz, the line x =i and the line
X
x =1, is rotated through one complete revolution about the x-axis to form a uniform solid
of revolution.
(a) Show that the volume of the solid is 217.
C))
(b) Find the coordinates of the centre of mass of the solid.
(6))
J
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. One end of a light inextensible string of length / is attached to a fixed point 4. The other

end is attached to a particle P of mass m, which is held at a point B with the string taut and
AP making an angle arccosi with the downward vertical. The particle is released from

rest. When AP makes an angle # with the downward vertical, the string is taut and the
tension in the string is 7.

(a) Show that

T=3mgcos€—%-

(6)

Figure 3

At an instant when 4P makes an angle of 60° to the downward vertical, P is moving
upwards, as shown in Figure 3. At this instant the string breaks. At the highest point
reached in the subsequent motion, P is at a distance d below the horizontal through 4.

(b) Find d in terms of /.
3)

Leave )
blank
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6. A cyclist and her bicycle have a combined mass of 100kg. She is working at a constant
rate of 80 W and is moving in a straight line on a horizontal road. The resistance to motion
is proportional to the square of her speed. Her initial speed is 4m s™' and her maximum
possible speed under these conditions is 20m s!. When she is at a distance x m from a
fixed point O on the road, she is moving with speed v m s™' away from O.

(a) Show that

y dv _ 8000— v’
dx  10000v
)
(b) Find the distance she travels as her speed increases from 4m s to 8m s™!.
(C))

(c) Use the trapezium rule, with 2 intervals, to estimate how long it takes for her speed
to increase from 4m s to 8m s7.

“)

16
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S5m

A
v

Figure 4
A and B are two points on a smooth horizontal floor, where 4B = 5m.

A particle P has mass 0.5kg. One end of a light elastic spring, of natural length 2m and
modulus of elasticity 16N, is attached to P and the other end is attached to 4. The ends
of another light elastic spring, of natural length 1 m and modulus of elasticity 12N, are
attached to P and B, as shown in Figure 4.

(a) Find the extensions in the two springs when the particle is at rest in equilibrium.

S))

Initially P is at rest in equilibrium. It is then set in motion and starts to move towards B.
In the subsequent motion P does not reach 4 or B.

(b) Show that P oscillates with simple harmonic motion about the equilibrium position.

“4)

(c) Given that the initial speed of P is V10 m s, find the proportion of time in each
complete oscillation for which P stays within 0.25m of the equilibrium position.

(7
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A particle P of mass 0.5kg is moving along the positive x-axis. At time ¢ seconds, P is
moving under the action of a single force of magnitude [4+cos (nt)] N, directed away
from the origin. When ¢=1, the particle P is moving away from the origin with speed
6ms.
Find the speed of P when r=1.5, giving your answer to 3 significant figures.
(7
J
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2. A particle P moves in a straight line with simple harmonic motion of period 2.4s about
a fixed origin O. At time ¢ seconds the speed of P is vms™'. When =0, P is at O. When
t=0.4, v=4. Find
(a) the greatest speed of P,
Q)
(b) the magnitude of the greatest acceleration of P.
(2)
J
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Figure 1

A bowl B consists of a uniform solid hemisphere, of radius » and centre O, from which is

. . .2 R
removed a solid hemisphere, of radius 5" and centre O, as shown in Figure 1.

(a) Show that the distance of the centre of mass of B from O is 165—52r.

(©))

C

Figure 2

The bowl B has mass M. A particle of mass kM is attached to a point P on the outer rim
of B. The system is placed with a point C on its outer curved surface in contact with
a horizontal plane. The system is in equilibrium with P, O and C in the same vertical
plane. The line OP makes an angle 6 with the horizontal as shown in Figure 2. Given that

_4
tar19—5 ,

(b) find the exact value of £.
)
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P

Figure 3

A particle P of weight 40N is attached to one end of a light elastic string of natural length
0.5m. The other end of the string is attached to a fixed point O. A horizontal force of
magnitude 30N is applied to P, as shown in Figure 3. The particle P is in equilibrium and
the elastic energy stored in the string is 10J.

Calculate the length OP.
(10)
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Figure 4

One end 4 of a light inextensible string of length 3a is attached to a fixed point. A particle
of mass m is attached to the other end B of the string. The particle is held in equilibrium
at a distance 2a below the horizontal through A, with the string taut. The particle is then
projected with speed V(2ag), in the direction perpendicular to 4B, in the vertical plane
containing 4 and B, as shown in Figure 4. In the subsequent motion the string remains
taut. When 4B is at an angle 6 below the horizontal, the speed of the particle is v and the
tension in the string is 7.

(a) Show that v? = 2ag(3sinf — 1).
)]

(b) Find the range of values of 7.
(6)
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A bend of a race track is modelled as an arc of a horizontal circle of radius 120 m. The
track is not banked at the bend. The maximum speed at which a motorcycle can be ridden
round the bend without slipping sideways is 28 ms~!. The motorcycle and its rider are
modelled as a particle and air resistance is assumed to be negligible.

. . .2
(a) Show that the coefficient of friction between the motorcycle and the track is 5 .

()

The bend is now reconstructed so that the track is banked at an angle « to the horizontal.
The maximum speed at which the motorcycle can now be ridden round the bend without
slipping sideways is 35 ms™'. The radius of the bend and the coefficient of friction between
the motorcycle and the track are unchanged.

(b) Find the value of tana.
®)
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7. A light elastic string has natural length @ and modulus of elasticity %mg. A particle P of

mass m is attached to one end of the string. The other end of the string is attached to a
fixed point A. The particle is released from rest at 4 and falls vertically. When P has fallen
a distance a + x, where x > 0, the speed of P is v.

2

(a) Show that v’ =2g (a+x)— 38x .
2a (4)
(b) Find the greatest speed attained by P as it falls.
C))
After release, P next comes to instantaneous rest at a point D.
(c) Find the magnitude of the acceleration of P at D.
(6)

24
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B (m)

Figure 1

A garden game is played with a small ball B of mass m attached to one end of a light inextensible
string of length 13/. The other end of the string is fixed to a point 4 on a vertical pole as shown
in Figure 1. The ball is hit and moves with constant speed in a horizontal circle of radius 5/ and
centre C, where C is vertically below A. Modelling the ball as a particle, find

(a) the tension in the string,

©))

(b) the speed of the ball.
C))
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2. Anparticle P of mass m is above the surface of the Earth at distance x from the centre of the
Earth. The Earth exerts a gravitational force on P. The magnitude of this force is inversely

proportional to x”.

At the surface of the Earth the acceleration due to gravity is g. The Earth is modelled as a
sphere of radius R.
mgR’

5 -

* ©))

(a) Prove that the magnitude of the gravitational force on P is
A particle is fired vertically upwards from the surface of the Earth with initial speed 3U.
At a height R above the surface of the Earth the speed of the particle is U.

(b) Find U in terms of g and R.
(7
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Figure 2

A particle of mass 0.5 kg is attached to one end of a light elastic spring of natural length
0.9m and modulus of elasticity A newtons. The other end of the spring is attached to a
fixed point O on a rough plane which is inclined at an angle 6 to the horizontal, where

sin f= % The coefficient of friction between the particle and the plane is 0.15. The particle

is held on the plane at a point which is 1.5m down the line of greatest slope from O, as
shown in Figure 2. The particle is released from rest and first comes to rest again after
moving 0.7 m up the plane.

Find the value of /.
(€))
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41
6/

N

Figure 3

A container is formed by removing a right circular solid cone of height 4/ from a uniform
solid right circular cylinder of height 6/. The centre O of the plane face of the cone
coincides with the centre of a plane face of the cylinder and the axis of the cone coincides
with the axis of the cylinder, as shown in Figure 3. The cylinder has radius 2/ and the base
of the cone has radius /.

(a) Find the distance of the centre of mass of the container from O.

(6)

00

Figure 4

The container is placed on a plane which is inclined at an angle 6° to the horizontal. The
open face is uppermost, as shown in Figure 4. The plane is sufficiently rough to prevent
the container from sliding. The container is on the point of toppling.

(b) Find the value of 6.
“4)
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Y
/)

Figure 5

A particle P of mass m is attached to one end of a light inextensible string of length a.
The other end of the string is fixed at the point O. The particle is initially held with OP
horizontal and the string taut. It is then projected vertically upwards with speed u, where
u?> = 5ag. When OP has turned through an angle 0 the speed of P is v and the tension in

the string is 7, as shown in Figure 5.

(a) Find, in terms of a, g and 6, an expression for V.

(b) Find, in terms of m, g and 6, an expression for 7.

(c) Prove that P moves in a complete circle.

(d) Find the maximum speed of P.

©))

“)

©))

2)
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At time ¢ = 0, a particle P is at the origin O moving with speed 2 ms™' along the x-axis in
the positive x-direction. At time ¢ seconds (¢ > 0), the acceleration of P has magnitude

3
(t+1)°
(a) Show that at time ¢ seconds the velocity of P is (%1 —lj ms .

t

m s 2 and is directed towards O.

S))

(b) Find, to 3 significant figures, the distance of P from O when P is instantaneously at
rest.
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7. A light elastic string, of natural length 3a and modulus of elasticity 6mg, has one end
attached to a fixed point 4. A particle P of mass 2m is attached to the other end of the
string and hangs in equilibrium at the point O, vertically below 4.

(a) Find the distance 4O.
3

The particle is now raised to point C vertically below 4, where AC > 3a, and is released
from rest.

(b) Show that P moves with simple harmonic motion of period 27[/ (ﬁj
£ )

It is given that OC = ia.

(c) Find the greatest speed of P during the motion.
3)

The point D is vertically above O and OD = %a. The string is cut as P passes through D,
moving upwards.

(d) Find the greatest height of P above O in the subsequent motion.
“4)
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A particle P moves on the positive x-axis. When the distance of P from the origin O is
x metres, the acceleration of P is (7 — 2x) m s, measured in the positive x-direction.
When 7= 0, P is at O and is moving in the positive x-direction with speed 6 m s™'. Find
the distance of P from O when P first comes to instantaneous rest.
(6
J
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Figure 1

A toy is formed by joining a uniform solid hemisphere, of radius » and mass 4m, to a
uniform right circular solid cone of mass km. The cone has vertex A4, base radius » and
height 2r. The plane face of the cone coincides with the plane face of the hemisphere.
The centre of the plane face of the hemisphere is O and OB is a radius of its plane face as
shown in Figure 1. The centre of mass of the toy is at O.

(a) Find the value of k.
“4)

A metal stud of mass Am is attached to the toy at 4. The toy is now suspended by a light
string attached to B and hangs freely at rest. The angle between OB and the vertical is
30°.

(b) Find the value of 4.
C))
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Figure 2

The region R is bounded by the curve with equation y = ¢”, the line x = 1, the line x = 2
and the x-axis as shown in Figure 2. A uniform solid S is formed by rotating R through 27
about the x-axis.

a ow that the volume o 1S ;m(€ —¢€ ).
(a) Show that the vol fSis 57 (e* —e?)

“

(b) Find, to 3 significant figures, the x-coordinate of the centre of mass of S.

(6)
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4. A particle P moves along the x-axis. At time 7 seconds its displacement, x metres, from the
origin O is given by x = 5 sin (% zt).
(a) Prove that P is moving with simple harmonic motion.
(©))
(b) Find the period and the amplitude of the motion.
(09
(¢) Find the maximum speed of P.
(0))
The points 4 and B on the positive x-axis are such that 04 =2 m and OB =3 m.
(d) Find the time taken by P to travel directly from 4 to B.
“4)
J
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Figure 3

A small ball P of mass m is attached to the ends of two light inextensible strings of
length /. The other ends of the strings are attached to fixed points 4 and B, where 4
is vertically above B. Both strings are taut and AP is perpendicular to BP as shown in
Figure 3. The system rotates about the line AB with constant angular speed w. The ball
moves in a horizontal circle.

(a) Find, in terms of m, g, / and w, the tension in AP and the tension in BP.

®

(b) Show that o> >gTV2.

2
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P

Figure 4

A small ball of mass 3m is attached to the ends of two light elastic strings AP and BP, each
of natural length / and modulus of elasticity kmg. The ends 4 and B of the strings are
attached to fixed points on the same horizontal level, with AB = 2/. The mid-point of 4B
is C. The ball hangs in equilibrium at a distance 3/ vertically below C as shown in
Figure 4.

(a) Show that k=10

(7
The ball is now pulled vertically downwards until it is at a distance &/ below C.
The ball is released from rest.
(b) Find the speed of the ball as it reaches C.
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7.
Figure 5
A particle P of mass m is attached to one end of a light rod of length /. The other end of
the rod is attached to a fixed point O. The rod can turn freely in a vertical plane about O.
The particle is projected with speed u from a point 4, where O4 makes an angle o with the
upward vertical through O and 0 < o < ;. When OP makes an angle § with the upward
vertical through O the speed of P is v as shown in Figure 5.
(a) Show that v* = u? + 2gl (cosa — cos 6).
C))
It is given that cosa =< and that P moves in a complete vertical circle.
(b) Show that ¢ > 2 J (gj
> @
As the rod rotates the least tension in the rod is 7 and the greatest tension is 57.
(c) Show that u* = 33 gl.
24
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1. Anparticle P of mass 0.5 kg moves on the positive x-axis under the action of a single force
directed towards the origin O. At time ¢ seconds the distance of P from O is x metres, the
magnitude of the force is 0.375x?> N and the speed of P is vm s~

When 7= 0, OP = 8 m and P is moving towards O with speed 2 m s7.

(a) Show that v’ =260-1x’ .
“4)

(b) Find the distance of P from O at the instant when v = 5.
2
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Ya

Figure 1

The shaded region R is bounded by the curve with equation y = 9 — x?, the positive x-axis
and the positive y-axis, as shown in Figure 1. A uniform solid S is formed by rotating R
through 360° about the x-axis.

Find the x-coordinate of the centre of mass of S.

®
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51

Figure 2
A solid consists of a uniform solid right cylinder of height 5/ and radius 3/ joined to a
uniform solid hemisphere of radius 3/. The plane face of the hemisphere coincides with a
circular end of the cylinder and has centre O, as shown in Figure 2.

The density of the hemisphere is twice the density of the cylinder.

(a) Find the distance of the centre of mass of the solid from O.

S))

Figure 3

The solid is now placed with its circular face on a plane inclined at an angle 6° to the
horizontal, as shown in Figure 3. The plane is sufficiently rough to prevent the solid
slipping. The solid is on the point of toppling.

(b) Find the value of 6.
C))
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Question 3 continued

P 3 8 1 6 3 A 0 8 2 8



June 2011

p 3 8 1 6 3. A 01 0 2 8

Leave\
blank
4.
Figure 4
A light inextensible string has its ends attached to two fixed points 4 and B. The point 4 is
vertically above B and AB = 7a. A particle P of mass m is fixed to the string and moves in
a horizontal circle of radius 3a with angular speed w. The centre of the circle is C where
C lies on AB and AC = 4a, as shown in Figure 4. Both parts of the string are taut.
5
(a) Show that the tension in AP is ;m(3aw2 + g).
®
(b) Find the tension in BP.
2
1
(c) Deduce that @ 254/(§)
“ 2
J
10
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5. A particle P of mass m is attached to one end of a light elastic string of natural length /
and modulus of elasticity 3mg. The other end of the string is attached to a fixed point O
on a rough horizontal table. The particle lies at rest at the point 4 on the table, where
OA= %l. The coefficient of friction between P and the table is u.

(a) Show that s >3 .
4

The particle is now moved along the table to the point B, where OB = %l, and released
from rest. Given that u = %, find

(b) the speed of P at the instant when the string becomes slack,
)

(c) the total distance moved by P before it comes to rest again.

(€))
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Figure 5

A particle P is attached to one end of a light inextensible string of length a. The other
end of the string is attached to a fixed point O. The particle is held at the point 4, where
OA = a and OA4 is horizontal. The point B is vertically above O and the point C is vertically
below O, with OB = OC = a, as shown in Figure 5. The particle is projected vertically
upwards with speed 3+/(ag).

(a) Show that P will pass through B.
(6

(b) Find the speed of P as it reaches C.
2

As P passes through C it receives an impulse. Immediately after this, the speed of P is
5
12

(c) Find the angle between the string and the downward vertical when P comes to
instantaneous rest.

V(l1lag) and the direction of motion of P is unchanged.

“)
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7. A particle P of mass 0.5 kg is attached to the mid-point of a light elastic string of natural
length 1.4 m and modulus of elasticity 2 N. The ends of the string are attached to the points
A and B on a smooth horizontal table, where AB =2 m. The mid-point of 4B is O and the
point C is on the table between O and B where OC = 0.2 m. At time # = 0 the particle is
released from rest at C. At time ¢ seconds the length of the string AP is (1+x) m.

2
(a) Show that the tension in BP is 7(3 —10x) N.

2
(b) Find, in terms of x, the tension in AP.

1)

7

(c¢) Show that P performs simple harmonic motion with period 27 20) S

()
(d) Find the greatest speed of P during the motion.

(09
The point D lies between O and A, where OD = 0.1 m.
(e) Find the time taken by P to move directly from C to D.

“4)

24
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1. A particle of mass 0.8 kg is attached to one end of a light elastic string of natural length

0.6 m. The other end of the string is attached to a fixed point 4. The particle is released
from rest at 4 and comes to instantaneous rest 1.1 m below 4.

Find the modulus of elasticity of the string.
C))
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2. A particle P is moving in a straight line with simple harmonic motion. The centre of the
oscillation is the fixed point C, the amplitude of the oscillation is 0.5 m and the time to

complete one oscillation is 27” seconds. The point 4 is on the path of P and 0.2 m from C.
Find

(a) the magnitude and direction of the acceleration of P when it passes through 4,

3)
(b) the speed of P when it passes through 4,

(2)
(c) the time P takes to move directly from C to 4.

3)
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3. Aparticle P is moving in a straight line. At time 7 seconds, P is at a distance x metres from

a fixed point O on the line and is moving away from O with speed % ms™.

(a) Find the acceleration of P when x = 14

(C))

Given that x =2 when 7 =1,

(b) find the value of # when x = 14
(6)
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4. A light elastic string AB has natural length 0.8 m and modulus of elasticity 19.6 N. The
end A is attached to a fixed point. A particle of mass 0.5 kg is attached to the end B. The
particle is moving with constant angular speed wrads ™' in a horizontal circle whose centre
is vertically below 4. The string is inclined at 60° to the vertical.

(a) Show that the extension of the string is 0.4 m.
)

(b) Find the value of w.
)
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Above the Earth’s surface, the magnitude of the gravitational force on a particle due to the
Earth is inversely proportional to the square of the distance of the particle from the centre
of the Earth. The Earth is modelled as a sphere of radius R and the acceleration due to
gravity at the Earth’s surface is g. A particle P of mass m is at a height x above the surface
of the Earth.

(a) Show that the magnitude of the gravitational force acting on P is

mgR’
(R + X)2 (3)

A rocket is fired vertically upwards from the surface of the Earth. When the rocket is at
height 2R above the surface of the Earth its speed is \/ (gZR). You may assume that air
resistance can be ignored and that the engine of the rocket is switched off before the rocket

reaches height R.
Modelling the rocket as a particle,

(b) find the speed of the rocket when it was at height R above the surface of the Earth.
)
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6. A particle P of mass m is attached to one end of a light inextensible string of length /.
The other end of the string is attached to a fixed point O. The particle is hanging in
equilibrium at the point 4, vertically below O, when it is set in motion with a horizontal
speed %\/ (11g/). When the string has turned through an angle # and the string is still taut,

the tension in the string is 7.

(a) Show that T = 3mg(cos9+%).

®
At the instant when P reaches the point B, the string becomes slack.
Find
(b) the speed of P at B,

3
(c) the maximum height above B reached by P before it starts to fall.

(C))
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7. Diagram NOT
V4 accurately drawn
0 x
Figure 1
The shaded region R is bounded by the curve with equation y = %x(6 —x), the x-axis and
the line x=2, as shown in Figure 1. The unit of length on both axes is 1 cm. A uniform
solid P is formed by rotating R through 360° about the x-axis.
(a) Show that the centre of mass of P is, to 3 significant figures, 1.42 cm from its plane
face.

(&)
The uniform solid P is placed with its plane face on an inclined plane which makes an
angle 6 with the horizontal. Given that the plane is sufficiently rough to prevent P from
sliding and that P is on the point of toppling when 6=q,
(b) find the angle a.

“)
Given instead that P is on the point of sliding down the plane when 6=/ and that the
coefficient of friction between P and the plane is 0.3,
(c) find the angle p.

3

22
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1. A particle P is moving along the positive x-axis. At time #=0, P is at the origin O.
At time ¢ seconds, P is x metres from O and has velocity v=2¢™* ms™" in the direction of
X increasing.
(a) Find the acceleration of P in terms of x.
3
(b) Find x in terms of 7.
(6)
J
2
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2. A particle P moves in a straight line with simple harmonic motion about a fixed centre O.

The period of the motion is % seconds. At time ¢ seconds the speed of P is v ms™. When

t=0,Pisat Oand v="6. Find

(a) the greatest distance of P from O during the motion,

3
(b) the greatest magnitude of the acceleration of P during the motion,

2)
(c) the smallest positive value of 7 for which P is I m from O.

3
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Figure 1
A particle O of mass 5 kg is attached by two light inextensible strings to two fixed points
A and B on a vertical pole. Each string has length 0.6 m and A4 is 0.4 m vertically above
B, as shown in Figure 1.
Both strings are taut and Q is moving in a horizontal circle with constant angular speed
10 rads™.
Find the tension in
) 40,
(i) BO.
(10)
J
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Figure 2

Figure 2 shows the cross-section AVBC of the solid S formed when a uniform right circular
cone of base radius @ and height a, is removed from a uniform right circular cone of base
radius a and height 2a. Both cones have the same axis V'CO, where O is the centre of the
base of each cone.

(a) Show that the distance of the centre of mass of S from the vertex V is %a,

S))

The mass of S is M. A particle of mass kM is attached to S at B. The system is suspended
by a string attached to the vertex V, and hangs freely in equilibrium. Given that V4 is at
an angle 45° to the vertical through V,

(b) find the value of £.
)
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5. A fixed smooth sphere has centre O and radius a. A particle P is placed on the surface of
the sphere at the point 4, where O4 makes an angle o with the upward vertical through O.
The particle is released from rest at 4. When OP makes an angle 0 to the upward vertical
through O, P is on the surface of the sphere and the speed of P is v.
Given that cosa = %
(a) show that
V= 2gﬂ(3—5c059)
C))
(b) find the speed of P at the instant when it loses contact with the sphere.
®
J
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2a
Figure 3

Figure 3 shows a uniform equilateral triangular lamina PRT with sides of length 2a.

(a) Using calculus, prove that the centre of mass of PRT is at a distance ZT\/?’ a from R.

(6)

The circular sector PQU, of radius a and centre P, and the circular sector TUS, of radius
a and centre 7, are removed from PRT to form the uniform lamina QRSU shown in

Figure 4.

2a
\3-1 (6)

(b) Show that the distance of the centre of mass of QRSU from U is 3
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7. A particle B of mass 0.5 kg is attached to one end of a light elastic string of natural length
0.75 m and modulus of elasticity 24.5 N. The other end of the string is attached to a fixed
point A. The particle is hanging in equilibrium at the point £, vertically below 4.

(a) Show that AE =0.9 m.
3

The particle is held at 4 and released from rest. The particle first comes to instantaneous
rest at the point C.

(b) Find the distance AC.
(6))

(c) Show that while the string is taut, B is moving with simple harmonic motion with
centre E.

(C))

(d) Calculate the maximum speed of B.

2
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A particle P is moving along the positive x-axis. When the displacement of P from the
origin is x metres, the velocity of P is v m s! and the acceleration of P is 9x m s2.
Whenx=2,v=06
Show that v2 = 9x2.
(C))
J
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Figure 1

A uniform solid consists of a right circular cone of radius » and height kr, where k >+ 3,
fixed to a hemisphere of radius . The centre of the plane face of the hemisphere is O and
this plane face coincides with the base of the cone, as shown in Figure 1.

(a) Show that the distance of the centre of mass of the solid from O is
(k2 - 3) r
4(k+2)
(6))
The point 4 lies on the circumference of the base of the cone. The solid is suspended by

a string attached at 4 and hangs freely in equilibrium. The angle between A0 and the

vertical is 6, where tan6 = %

(b) Find the value of k.
(C))
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3. A particle P of mass 0.6 kg is moving along the x-axis in the positive direction. At time
t =0, P passes through the origin O with speed 15 ms™!. At time 7 seconds the distance

OP is x metres, the speed of P is v m s~! and the resultant force acting on P has magnitude

12 o
—— newtons. The resultant force is directed towards O.

(1+2)

(a) Show that v = s(iﬂj.
t+2

S))

(b) Find the value of x when 7 =5
(6))
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A particle P of mass m is attached to one end of a light elastic string, of natural length 2a
and modulus of elasticity 6mg. The other end of the string is attached to a fixed point 4.
The particle moves with constant speed v in a horizontal circle with centre O, where O is
vertically below 4 and OA4 = 2a, as shown in Figure 2.

. .. 2
(a) Show that the extension in the string is —a.

(6)

(b) Find v? in terms of @ and g.

S))
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5. A particle P is moving in a straight line with simple harmonic motion on a smooth
horizontal floor. The particle comes to instantaneous rest at points 4 and B where AB is
0.5 m. The mid-point of 4B is O. The mid-point of OA4 is C. The mid-point of OB is D.
The particle takes 0.2 s to travel directly from C to D. At time ¢ = 0, P is moving through
O towards 4.

6
(a) Show that the period of the motion is — s.

5

(6))
(b) Find the distance of P from B when t = 2 s.

(®))
(c¢) Find the maximum magnitude of the acceleration of P.

(2)
(d) Find the maximum speed of P.

(2)
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Figure 3

A smooth hollow cylinder of internal radius a is fixed with its axis horizontal. A particle
P moves on the inner surface of the cylinder in a vertical circle with radius @ and centre
O, where O lies on the axis of the cylinder. The particle is projected vertically downwards
with speed u from point 4 on the circle, where OA is horizontal. The particle first loses
contact with the cylinder at the point B, where ZAOB =150°, as shown in Figure 3. Given
that air resistance can be ignored,

(a) show that the speed of P at B is \/ (%),
3

(b) find u in terms of a and g.
C))

After losing contact with the cylinder, P crosses the diameter through A at the point D. At
D the velocity of P makes an angle 8° with the horizontal.

(c) Find the value of 6.
(7
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7. A particle P of mass 1.5 kg is attached to the mid-point of a light elastic string of natural
length 0.30 m and modulus of elasticity 4 newtons. The ends of the string are attached to
two fixed points 4 and B, where AB is horizontal and 4B = 0.48 m. Initially P is held at
rest at the mid-point, M, of the line 4B and the tension in the string is 240 N.

(a) Show that A =400
3)

The particle is now held at rest at the point C, where C is 0.07 m vertically below M. The
particle is released from rest at C.

(b) Find the magnitude of the initial acceleration of P.

(6

(c) Find the speed of P as it passes through M.
(6)
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Figure 1

A hollow right circular cone, of base radius a and height 4, is fixed with its axis vertical
and vertex downwards, as shown in Figure 1. A particle moves with constant speed v in

. . 1 )
a horizontal circle of radius Ea on the smooth inner surface of the cone.

1
Show that v = \/(5 hg).

(M
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2. A particle of mass 4 kg is moving along the horizontal x-axis under the action of a single
force which acts in the positive x-direction. At time ¢ seconds the force has magnitude
1
1+3¢% |N.
When ¢ = 0 the particle has speed 2 m s7! in the positive x-direction. Find the work done
by the force in the interval 0 < 7 < 4
(7
J
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3. Aparticle P of mass 0.5 kg is attached to one end of a light elastic spring, of natural length
2 m and modulus of elasticity 20 N. The other end of the spring is attached to a fixed point
A. The particle P is held at rest at the point B, which is 1 m vertically below 4, and then
released.
(a) Find the acceleration of P immediately after it is released from rest.
(C))
The particle comes to instantaneous rest for the first time at the point C.
(b) Find the distance BC.
)
J
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4. A particle P is moving along the positive x-axis. At time ¢ seconds, # > 0, P is x metres
from the origin O and is moving away from O with velocity v ms™!, where v = Gt
X +
When =0, P is at O. Find
(a) the distance of P from O when ¢ =2
)
(b) the magnitude and direction of the acceleration of P when ¢ = 2
)
J
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Figure 2

Part of a hollow spherical shell, centre O and radius r, forms a bowl with a plane circular
rim. The bowl is fixed to a horizontal surface at 4 with the rim uppermost and horizontal.

The point 4 is the lowest point of the bowl. The point B, where £ AOB = a and tan a = %,

is on the rim of the bowl, as shown in Figure 2. A small smooth marble M is placed inside
the bowl at 4, and given an initial horizontal speed \(gr). The motion of M takes place in
the vertical plane OAB.

(a) Show that the speed of M as it reaches B is \/ (% gr).
“4)

After leaving the surface of the bowl at B, M moves freely under gravity and first strikes
the horizontal surface at the point C. Given that » = 0.4m,

(b) find the distance AC.
®)
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(a) A uniform lamina is in the shape of a quadrant of a circle of radius a. Show, by

. . . . 4a
integration, that the centre of mass of the lamina is at a distance of — from each of
its straight edges. 3

(M

[\
Q

A
v

o]

Figure 3

A second uniform lamina ABCDEFA is shown shaded in Figure 3. The straight sides AC
and AE are perpendicular and AC = AE = 2a. In the figure, the midpoint of AC is B, the
midpoint of AE is F, and ABDF and DGEF are squares of side a. BCD is a quadrant of a
circle with centre B. DGE is a quadrant of a circle with centre G.

(b) Find the distance of the centre of mass of the lamina from the side AE.

(©)

The lamina is smoothly hinged to a horizontal axis which passes through £ and is
perpendicular to the plane of the lamina. The lamina has weight /' newtons. The lamina
is held in equilibrium in a vertical plane, with 4 vertically above E, by a horizontal force
of magnitude X newtons applied at C.

(¢) Find X in terms of .
3)

P 4 2 8 2 9 A0 1 8 2 8
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7. Two points 4 and B are 4 m apart on a smooth horizontal surface. A light elastic string,
of natural length 0.8 m and modulus of elasticity 15 N, has one end attached to the point
A. Alight elastic string, of natural length 0.8 m and modulus of elasticity 10 N, has one
end attached to the point B. A particle P of mass 0.2 kg is attached to the free end of each
string. The particle rests in equilibrium on the surface at the point C on the straight line
between 4 and B.

(a) Show that the length of AC is 1.76 m.
(C))

The particle P is now held at the point D on the line 4B such that AD = 2.16 m. The
particle is then released from rest and in the subsequent motion both strings remain taut.

(b) Show that P moves with simple harmonic motion.

(C))

(c) Find the speed of P as it passes through the point C.
(2)

(d) Find the time from the instant when P is released from D until the instant when P is
first moving with speed 2 m s

“
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20 rev min™!
>
Figure 1
A rough disc is rotating in a horizontal plane with constant angular speed 20 revolutions
per minute about a fixed vertical axis through its centre O. A particle P rests on the disc
at a distance 0.4 m from O, as shown in Figure 1. The coefficient of friction between P
and the disc is y. The particle P is on the point of slipping.
Find the value of u.
(6
J
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2. A particle P of mass 0.5 kg is moving along the positive x-axis in the positive x-direction.
1
The only force on P is a force of magnitude (21‘ + 5) N acting in the direction
of x increasing, where ¢ seconds is the time after P leaves the origin O. When =0,
P is at rest at O.
(a) Find an expression, in terms of ¢, for the velocity of P at time ¢ seconds.
3
The particle passes through the point 4 with speed 6 ms™'.
(b) Find the distance OA.
(6)
J
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(m) P&

Figure 2

Two particles P and Q, of mass m and 2m respectively, are attached to the ends of a light
inextensible string of length 6/. The string passes through a small smooth fixed ring at the
point 4. The particle Q is hanging freely at a distance / vertically below 4. The particle P
is moving in a horizontal circle with constant angular speed w. The centre O of the circle
is vertically below 4. The particle Q does not move and AP makes a constant angle 6 with
the downward vertical, as shown in Figure 2.

Show that
(1) 6=60°

(2
(")“’_\/(sz)

®
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4. A particle P of mass 2 kg is attached to one end of a light elastic string of natural length
1.2m. The other end of the string is attached to a fixed point O on a rough horizontal
. _ .2 S
plane. The coefficient of friction between P and the plane is . The particle is held at
rest at a point B on the plane, where OB = 1.5 m. When P is at B, the tension in the string
is 20 N. The particle is released from rest.
(a) Find the speed of P when OP = 1.2 m.
(7
The particle comes to rest at the point C.
(b) Find the distance BC.
2
J
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v

Figure 3

The shaded region R is bounded by the curve with equation y = (x+ 1)?, the x-axis, the
y-axis and the line with equation x=2, as shown in Figure 3. The region R is rotated
through 27 radians about the x-axis to form a uniform solid S.

(a) Use algebraic integration to find the x coordinate of the centre of mass of S.

@®)

Figure 4

A uniform solid hemisphere is fixed to S to form a solid 7. The hemisphere has the same
radius as the smaller plane face of S and its plane face coincides with the smaller plane
face of S, as shown in Figure 4. The mass per unit volume of the hemisphere is 10 times
the mass per unit volume of S. The centre of the circular plane face of 7T'is 4. All lengths
are measured in centimetres.

(b) Find the distance of the centre of mass of 7 from A.
)
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@
A 0 B
< 3.75m >
Figure 5

The points 4 and B are 3.75 m apart on a smooth horizontal floor. A particle P has mass
0.8 kg. One end of a light elastic spring, of natural length 1.5 m and modulus of elasticity
24 N, is attached to P and the other end is attached to 4. The ends of another light elastic
spring, of natural length 0.75 m and modulus of elasticity 18 N, are attached to P and B.
The particle P rests in equilibrium at the point O, where AOB is a straight line, as shown
in Figure 5.

(a) Show that AO=2.4m.
“)

The point C lies on the straight line 4OB between O and B. The particle P is held at C
and released from rest.

(b) Show that P moves with simple harmonic motion.

)
The maximum speed of P is v2ms™.

(c) Find the time taken by P to travel 0.3 m from C.
(6))
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A particle P of mass 5m is attached to one end of a light inextensible string of length a.
The other end of the string is attached to a fixed point O. The particle is held at the point

A, where OA =a and OA is horizontal, as shown in Figure 6. The particle is projected
). When the string makes an angle 6 with the

9ag

vertically downwards with speed \/ (
downward vertical through O and the string is still taut, the tension in the string is 7.

(6)

(a) Show that 7=3mg (5cosf+ 3).

(€)

At the instant when the particle reaches the point B the string becomes slack.
(b) Find the speed of P at B.

At time r=0, P is at B.
At time ¢, before the string becomes taut once more, the coordinates of P are (x, y) referred

to horizontal and vertical axes with origin O. The x-axis is directed along OA4 produced

and the y-axis is vertically upward.

(c) Find

(1) xinterms of# aand g,
(7

(i1) y in terms of ¢, a and g.

.
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